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Abstract
This paper discusses several important issues in a molecular dynamics simulation for analysing carbon nanotubes and their
mechanical properties. In particular, the paper addresses the problems in selecting appropriate inter-atomic potentials, number of
thermostat atoms, thermostat techniques, time and displacement steps and number of relaxation steps to reach the dynamic
equilibrium. Based on these, the structural changes of armchair and zigzag nanotubes and their mechanical properties are investigated. The Young’s modulus and Poisson’s ratio of the armchair tube are 3.96 and 0.15 TPa, respectively, and those of the zigzag
tube are 4.88 and 0.19 TPa, respectively. The best simulation technique identiﬁed in this study predicts that the ultimate tensile strain
of a carbon nanotube is around 40% before atomic bond breakage.
 2004 Elsevier Ltd. All rights reserved.
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1. Introduction
Carbon nanotubes have attracted tremendous attention since their discovery in 1991 [1]. Experimentally
they have been observed as single-walled nanotubes
(SWNT) [2,3], multi-walled nanotubes (MWNT) [1,4,5],
bundles [6,7] and nanoropes [8,9]. They have remarkable
electrical and mechanical properties. For example, they
have a tensile strength twenty times that of high strength
steel alloys and have a current carrying capacity 1000
times that of copper [10]. As such, carbon nanotubes
(CNTs) are expected to have a variety of applications,
such as in memory chips, sensors, probes, tips and
reinforcing phase in composite materials.
With the rapidly growing interest in carbon nanotubes and the diﬃculties in direct measurements of their
properties due to its nanoscale dimension, molecular
dynamics simulation has been widely used in characterising the mechanical properties and understanding the
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mechanisms of deformation. However, such simulations
have to be done carefully to represent a behaviour that is
believed to be the best representation of reality. First, it
is important to select an appropriate interaction potential that eﬀectively describes the deformation of a
nanotube correctly to the best of one’s knowledge.
Secondly, during a loading process, improper treatment
of the temperature rise can lead to ﬁctitious results.
In molecular dynamics, heat conduction is accomplished via the so-called thermostat atoms and various
thermostatting methods. Adiabatic relaxation method,
isokinetic thermostatting, Andersen stochastic thermostatting and Nose–Hoover feedback thermostatting
were all reported in the literature for temperature conversion [11]. For small systems that are practical for
molecular dynamics studies, the adiabatic relaxation
method often leads to a ﬂuctuation of the vibrationalrelaxation rate. In isokinetic thermostatting, the temperature is maintained in diﬀerent ways. For example, in
the Berendsen thermostat scheme with velocity scaling,
the velocities of thermostat atoms are scaled to ﬁx the
total kinetic energy. In the Gaussian feedback or Evans–
Hoover scheme with force scaling, however, the kinetic
energy is monitored and information is fed back into the
equations of motion so that the kinetic energy is kept
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constant to dissipate heat by controlling the thermostatting force. The velocity scaling has been used in
general because it is a simpler scheme to implement. For
small time steps, the Gaussian isokinetic method and
velocity scaling method are identical [11]. However, a
very small time step will give an unusually high elongation speed. On the other hand, a small displacement
step with a small time step will be computationally
expensive. The ﬂaw in the isokinetic-thermostatting
method is that it is impossible to separate the eﬀects of
thermostatting on rate processes. The other two schemes
also have this limitation to a certain extent. Thirdly, a
system has to be relaxed initially as well as during the
simulation so that the velocities of the Newtonian and
thermostat atoms reach equilibrium at the speciﬁed
temperature of simulation; thus appropriate time step
and displacement step have to be selected to get a reasonable elongation speed.
It is unfortunate that no comparison or clariﬁcation
is available in the literature as to the key issues aforementioned for a molecular dynamics simulation of carbon nanotubes. For example, researchers have used
either the Tersoﬀ–Brenner potential or the tight binding
potential in their molecular dynamics calculations on
nanotubes. Those who used the former claimed that the
potential was selected because it could avoid the overbinding of radicals. Sinnot and co-workers [12,13] used
the ﬁrst few rows of atoms on both ends of a CNT as
boundary atoms and the next few rows as thermostat
atoms applying the Langevin heat baths. Zhou and Shi
[14] used the ﬁrst two rows of atoms on both ends of a
CNT as boundary atoms but treated all the other atoms
as thermostat atoms. No information is available on the
method of temperature conversion. Moreover, various
time steps, ranging from 0.15 to 15 fs, have been used in
the simulation of carbon nanotubes. A natural question
is therefore: Which simulation scheme will be more
appropriate and eﬀective?
This study aims to come up with the necessary details
such as the potential, number of thermostat atoms,
thermostat method, time step, displacement step and the
number of relaxation steps that are key to the simulation
of carbon nanotubes.

2. Simulation model
The inter-atomic forces were described by the Tersoﬀ
(T) potential [15,16] and the empirical bond order potential formulated by Brenner based on Tersoﬀ potential
and known as Tersoﬀ–Brenner (TB) potential [17,18].
The simulations were carried out at 300 K with Berendsen (B) and Evans–Hoover (EH) thermostats and a
time step of 0.5 fs. Open single-walled armchair nanotube (10,10) with 100 repeat units along the axial
direction and zigzag nanotube (17,0) with 58 repeat

units along the axial direction, both having a length of
 were examined with diﬀerent schemes as
about 245 A,
detailed below:
2.1. Scheme 1 (S1)
In this scheme, the ﬁrst two layers of atoms on both
ends of a CNT were held rigid. The next four layers were
taken as thermostat atoms and the remaining were
treated as Newtonian atoms. First, the tubes were annealed at the simulation temperature for 5000 time
steps. Then the rigid atoms on both ends were pulled
 unalong the axial direction at an increment of 0.05 A
less otherwise stated in the discussion. Each displacement step was followed by 1000 relaxation steps in order
to dissipate the eﬀect of preceding displacement step
over the entire length of the tube.
2.2. Scheme 2 (S2)
In this scheme, all atoms except the boundary ones
rigidly held were treated as thermostat atoms as described in Ref. [14]. In this case, each displacement step
was followed by 50 relaxation steps (in Section 3.4,
diﬀerent number of relaxation steps were used to
examine this).

3. Results and discussion
3.1. Stress–strain relationship
The axial tensile stress in a carbon nanotube as a
function of strain was calculated by dividing the axial
force by the cross-sectional ring area of the nanotube.
The equivalent wall thickness of a SWNT is taken as
 [19] which gives the area as 2.582 · 1019 m2 .
0.617 A
Fig. 1 shows the stress–strain relationships of the
armchair (10,10) and zigzag (17,0) CNTs using the T
and TB potentials with Berendsen and Evans–Hoover
thermostats. It is clear that all the stress–strain curves
have four distinct stages. Stage 1 is the initial linear region, to a strain of about 0.06, followed by stage 2 where
the stress–strain curve conforms to plateau. The stress
increases rapidly and reaches its peak in stage 3, and in
most cases, except TB(E-H) and TB(B3), abruptly drop
to zero or close to zero in stage 4. The Young’s moduli
of the CNTs were evaluated from the linear region
(stage 1), which gave a value of 3.96 TPa for the armchair nanotube and 4.88 TPa for the zigzag nanotube,
which shows that the bond orientation in zigzag tube
increases the stiﬀness. As pointed out by Vodenitcharova and Zhang [19], the value of the Young’s modulus
of a nanotube depends on the eﬀective wall thickness of
the CNT. Here we use the equivalent thickness of 0.617
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Fig. 1. The stress–strain curves of (a) a (10,10) armchair SWNT and
(b) a (17,0) zigzag SWNT using Tersoﬀ and Tersoﬀ–Brenner potentials. In the ﬁgure, TB(B-S1) is the calculation with Berendsen thermostat and Scheme 1 simulation details; TB(B-S2) is the calculation
with Berendsen thermostat and Scheme 2 simulation details and TB(BS3) is the calculation as in TB(B-S2) but with a smaller displacement
 TB(EH) is the calculation with Evans–Hoover therstep of 0.008 A.
mostat.

 as mentioned at the beginning of this section. 1 The
A
Poisson’s ratios, ðDr=rÞ=ðDl=lÞ, were found to be 0.15
for the armchair CNT and 0.19 for the zigzag CNT,
where Dr and Dl are the changes in tube radius, r, and
tube length, l, respectively.
3.2. Inter-atomic potential
At the initial stage of loading, all the stress–strain
curves overlap and are almost linear. Thereafter, the
Tersoﬀ potential curve lies slightly above the Tersoﬀ–
Brenner potential curves but they have the same trend
up to a strain of 0.34 and 0.2 for the armchair and zigzag
CNTs, respectively. The armchair CNT has the maximum stress of about 1357 GPa around a strain of 0.4
1
As clariﬁed in Ref. [19], it is incorrect to use graphite interplanar
 as the eﬀective wall thickness of a SWNT, as many
spacing of 3.44 A
researchers did in experimental and theoretical characterisation of

Young’s modulus. In the present calculation, if this value (i.e. 3.44 A)
is used, then the Young’s moduli of armchair and zigzag nanotubes
will become 0.7 and 0.87 TPa, respectively.
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and the zigzag CNT has the maximum stress of 754 GPa
around a strain of 0.22. After this, a large cross-sectional
necking happens. If the CNTs are unloaded just prior to
the maximum stress, the stress–strain curve at unloading
overlaps with the loading one, showing that the CNT
deformation up to this stage is completely elastic.
At various stages of the loading process, the structural changes can be examined by unrolling the CNTs.
Figs. 2 and 3 give the unrolled view of a portion of the
armchair and zigzag CNTs at stages 1–3 when using the
TB potential. It is shown that during loading both
the bond angles and bond lengths change. In the zigzag
CNT, the bonds are stretched along the loading axis,
due to the way they orient.
For an armchair CNT, Fig. 4(a) and (b) compare the
variation of these geometrical parameters. With the TB
potential, the change in bond angles is more but with the
Tersoﬀ potential the change in bond lengths is more. At
about maximum loading, some of the stretched bonds
are broken and the Tersoﬀ potential curve starts to
deviate from the TB curve. This seems to indicate that
when bonds are broken, radicals will form and hence the
over-binding eﬀect that was not considered in the
development of Tersoﬀ potential would become important. The TB potential results showed the necking of the
tube followed by the formation of a one-atom chain, as
shown in Figs. 5 and 6. The use of the Tersoﬀ potential,
however, did not bring about any necking or formation
of a one-atom chain, and the tube broke suddenly after
reaching the maximum stress.
The above comparison and discussion show that the
TB potential describes the whole process reasonably
well. However, the Tersoﬀ and TB potential curves
overlap at the initial stages, suggesting that the Tersoﬀ
potential can be used for the calculation of the
mechanical properties of a carbon nanotube such as the
Young’s modulus and Poisson’s ratio.
3.3. Number of thermostat atoms
It is necessary to clarify the issue because in the literature the number of thermostat atoms were selected
and used without a rational reason. Our comparison
was done with the Tersoﬀ–Brenner potential using the
Berendsen thermostat.
Scheme 1 showed little ﬂuctuation in temperature up
to the third stage. In stage 4, the tube begins to fall into
pieces, resulting in a sudden and rapid increase in temperature caused by energy released from atomic bonds
that are being broken simultaneously. Moreover, with
such an arrangement of thermostat atoms, no signiﬁcant
necking takes place.
With Scheme 2 a remarkable necking occurs in stage
4. The armchair tube started necking at a strain of 0.39
and the zigzag tube started its necking at a strain of 0.22.
The temperature increase in this stage was only 20–30 K.
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Fig. 2. Structural changes of an armchair tube (10,10) in (a) stage 1, (b) stage 2 and (c) stage 3; the bond lengths are in angstroms and the bond angles
are in degrees.

On further application of the tensile force, a one-atom
chain formed as shown in Figs. 5 and 6, and it grew with
the applied force before the tube broke as reported in
the literature [14,20]. Within the chain, the strain was
 In other words,
constant with a C–C distance of 1.7 A.
on further pulling the C–C distance in the atomic chain
did not change but more and more C atoms joined the
chain. This is known as the carbon chain unravelling
and it was observed in an experiment when a capped
nanotube was opened by the force of an electric ﬁeld
[21]. However, analysis of the current molecular
dynamics results showed that the electronic structure of
this chain is neither close to the cumelenic form nor to
the bond alternate polyyne as suggested in Ref. [21]. It is
believed to be a pure unravelling process that originates
from a place where a bond is broken. Although in
chemical terms the valency of carbon is not satisﬁed, it
may be possible to have such a chain under stress. Once
the growing chain got detached from the tube, the C–C
 that is equivalent to C–C
distance decreased to 1.33 A
double bond as in the cumelenic form. During necking,
some bonds were broken and some new bonds were

formed to facilitate the closure of the ends at the
breakage. As a result, the temperature did not go up
suddenly. The slight increase in temperature may be
attributed to the activation energy of the unravelling
process.
It should be noted that the loading rate in molecular
dynamics calculations is much higher compared to that
in experiments. As such, not much heat will be generated
in an experiment. In the simulations, because of the
computational cost and numerical accuracy, the loading
rate cannot be as low as in the experiment. Hence one
has to ﬁnd an eﬀective way to conduct the heat that is
produced as a result of the higher loading rate. This
could be achieved either by relaxing the atoms for a long
time between each step of pulling, which is computationally expensive, or by treating all the atoms as thermostat atoms as in Scheme 2. Scheme 1 is not reliable in
this sense because the Newtonian atoms are not fully
surrounded by the thermostat atoms; i.e. they are exposed to the environment. As such, the heat conduction
in the simulation cannot reﬂect the true deformation
process of a nanotube under experimental conditions.
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Fig. 3. Structural changes of a zigzag tube (17,0) in (a) stage 1, (b) stage 2 and (c) stage 3; the bond lengths are in angstroms and the bond angles are
in degrees.

This means that Scheme 2 is the right one to use in
molecular dynamics simulation of carbon nanotubes.
3.4. Dependency on thermostat techniques
Heat conversion is a central component in a correct
molecular dynamics simulation [22,23]. An inappropriate conversion technique results in incorrect atomic
motion and deformation. To examine the eﬀect of
thermostat techniques, we use TB potential, as it gives
more reasonable results for carbon nanotubes. For the
armchair tube, both Berendsen and Evans–Hoover
thermostats gave similar results until the maximum
stress. After this point, with the Berendsen thermostat
the stress dropped down to zero, the temperature went
up and the tube broke into pieces without the formation
of an atomic chain; with the Evans–Hoover thermostat
and the Berendsen thermostat with Scheme 2, the stress
dropped down to a value close to zero, and the tube
necked, formed an atomic chain and then broke into
two pieces with closed ends.
With the Evans–Hoover thermostatting technique,
the zigzag tube showed an entirely diﬀerent behaviour

from the armchair tube once the maximum stress was
reached. The zigzag tube started to neck at both ends at
a strain of 0.23 as with Berendsen technique, but on
further tension the necking propagated as shown in Fig.
7(a) until the whole tube became narrow at a strain of
0.47. In this period the stress was almost constant. This
could be because, in the zigzag tube, both types of bonds
can get stretched as shown in Fig. 7(b) and hence the
necking and its propagation as shown in Fig. 7(a) is
possible; whereas in the armchair tube, the C–C bonds
that are normal to the direction of pulling cannot get
stretched; hence the stretched bonds will break once it
reaches the maximum stress. On further application of
the tensile force, again, the tube necked at both ends,
formed a one-atom chain and broke within a short
period. It is interesting to note that the ultimate failure
of the tube happens around a strain of 0.475, which is
close to that of an armchair tube.
The Evans–Hoover technique can be understood
more easily if the discussion in Section 1 is recalled. In
this technique, the force scaling is done on all atoms
irrespective of the number of thermostat atoms used in
the calculation and the kinetic energy is kept constant.
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3.5. Integral time step, displacement step and number of
relaxation steps

Fig. 4. Comparison of the change in (a) bond angles (A1 and A2) and
(b) bond lengths (L1 and L2) of an armchair CNT with the Tersoﬀ and
Tersoﬀ–Brenner potentials.

Thus the heat conduction problem is avoided and a very
smooth stress–strain curve can be obtained. However,
with this technique one has to work with small time
steps. This means that in order to have a reasonable
loading rate, the displacement step must be small, which
would signiﬁcantly increase the overall computational
time. Hence, if the Berendsen technique with Scheme 2 is
used, one can minimise the heat conduction problem
and improve the computational eﬃciency.

In molecular dynamics simulation, the time step has
to be selected to reduce the round-oﬀ error and truncation error. A suitable time step should be less than
10% of the vibration period of an atom and accordingly,
for diamond, a time step of 0.5–0.8 fs provides good
results. Hence in our calculations, we have used a time
step of 0.5 fs.
Displacement step is usually chosen according to the
time step used. For the armchair tube, variation in the
displacement step did not show any signiﬁcant diﬀerence
in the stress–strain relationship. However, for the zigzag
tube, the Berendsen technique with Scheme 2 and a
 showed failure at a strain of
displacement step of 0.05 A
0.23. When the displacement step was reduced to 0.008
 the tube necked and the necking propagated over the
A,
entire length of the tube and then formed one atom
chain at the strain of 0.44, which is similar to the result
from the Evans–Hoover thermostatting technique. In
other words, a little lower elongation speed showed a
more reasonable results (refer to the explanation given
in Section 3.3). Moreover, on unloading from a point
within a strain of 0.23–0.44, the results showed that the
deformation was still elastic although the unloading
curve took a diﬀerent path until a strain of 0.182. This is
because on unloading the bond lengths and bond angles
do not change in the same way as in loading.
Initially the tube is relaxed to its dynamically equilibrium status at the speciﬁed simulation temperature.
We found that to reach this equilibrium about 4000
relaxation steps are required. As a result, in all of our
calculations the initial relaxation was done for 5000
steps. After the initial relaxation, tensile loading was

Fig. 5. Atomic chain of an armchair tube when using Berendsen thermostat.

Fig. 6. Atomic chain of a zigzag tube when using Berendsen thermostat.
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Fig. 7. The deformation of a zigzag carbon nanotube. (a) Necking that propagates along the tube, (b) the structure when unrolling the tube at the
necking part of (a), (c) the structure when unrolling the central part of (a).

applied via small displacement steps. The eﬀect of the
displacement was dissipated over the entire length of the
tube and subsequently a dynamic equilibrium was
achieved by relaxing the system after each displacement.
The required number of relaxation steps varies with the
number of thermostat atoms used. Scheme 1, as explained in Section 3.2, required nearly 1000 relaxation
steps to reach dynamic equilibrium. Even though,
necking and one-atom-chain formation was not observed. On the other hand, Scheme 2 with 50 relaxation
steps showed necking and one-atom-chain formation for
both armchair and zigzag nanotubes as observed by
other researchers.
These results clearly show that even with 20 times the
relaxation steps used in Scheme 2, Scheme 1 fails to
show the necking once the maximum stress is reached.
For the zigzag tube a smaller displacement step of 0.008
 is required, in order to have the ultimate failure of the
A
tube around a strain of 0.44.

4. Conclusions
(i) The simulation using Tersoﬀ–Brenner potential and
Berendsen thermostat with all atoms as thermostat
atoms (except the rigid ones) and 50 relaxation steps
 is a more reasonafter each displacement of 0.008 A
able and cost eﬀective method.
(ii) Following the reasonable approach, it is quantiﬁed
that the Young’s modulus and Poisson’s ratio of

(i) the armchair tube are 3.96 and 0.15 TPa, respectively and (ii) the zigzag tube are 4.88 and 0.19
TPa, respectively. The armchair tube can undergo
a higher tensile stress compared to the zigzag tube.
Under tension, both armchair and zigzag nanotubes
exhibit carbon chain unravelling and one-atom
chain at a strain of around 0.4.
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