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Abstract—This paper analyses the elastic wrinkling of an annular plate subjected to in-plane uniform
tensile stress on its inner edge with the combined use of the Kantorovich method and Galerkin
method, and discusses the appearance of wrinkles on the flange of a metal circular sheet during its
axisymmetric deep-drawing operation.

NOTATION

a inner radius of an annular plate
b outer radius of the annular plate
¢; undetermined coefficients in approximate wrinkling mode
D bending rigidity of plate
E Young’s modulus

fo a function of non-dimensional radial co-ordinate p

do.9%,9, functions of circumferential co-ordinate @
h thickness of plate
L,,L, differential operators

n number of waves

r,8 polar co-ordinates

wo mode of wrinkling
& the parameter defined by equation (12)
v Poisson’s ratio
¢ non-dimensional parameter, 1 —a/b

&, the parameter defined by equation (3)
p non-dimensional radial co-ordinate, r/b

6,7 stresses

@, the function of p, defined by equation (13b)

¥, the parameters defined by equation (11)

1. INTRODUCTION

When the inner edge of an annular plate is loaded by an in-plane uniform tensile stress, the
stress state of the plate, according to the theory of elasticity, can be expressed as

g,a> (b?
Ep—aZ\7 )
at (b?
o = _b%_—_z(—zﬂ), 1)
T,.o=0.

As the circumferential stress, g4, is compressive and reaches its maximum amplitude on the
inner edge of the plate, see Fig. 1, elastic buckling will first occur circumferentially, when the
uniform boundary stress a, reaches a critical value. Here it is assumed that the plate has not
yielded. This appearance is called elastic wrinkling (Fig. 2).

Investigation of wrinkling has a great deal of significance in many branches of mechanical
engineering, especially in the axisymmetric deep-drawing process of circular plates.
Engineers require that the flange of a workpiece in its deep-drawing operation should yield
before elastic wrinkling occurs because otherwise it will impair the quality of the product. For
this reason the wrinkling of an annular plate has been the focus of much research attention
over many decades. Geckeler [ 1] simplified the problem and treated it by a one-dimensional
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FIG. 1. An annular plate subjected to a uniform tensile stress on its.inner edge.
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Workpiece :\\ k

FIG. 2. (a) A typical deep-drawing device. (b) The wrinkling of a flange.

model, furnishing some formulae to predict the critical circumferential stress and the
number of waves. His model was employed and extended by many other experts afterward
[2-4]. However, Yu and Johnson [5] realized the limitation of Geckeler’s one-dimensional
model and studied the problem using a two-dimensional one by means of the energy method.
However, their results may still be too simplistic for general application.

The principal weakness of the approximate analyses as outlined above is that they do not
consider the effect of elastic wrinkling of the workpiece apart from that by Yu and Johnson in
Ref. [5]. Furthermore, available solutions about the elastic buckling of annular plates [6-8]
cannot be applied to the deep-drawing operation. In order to make up for this weakness we
now furnish some relatively accurate analytical results for the deep-drawing operation and
discuss the method to solve wrinkling. The present paper analyzes the title problem with the
combined use of the methods of Kantorovich and Galerkin [9] and suggests approaches to
improve the accuracy of the approximate solutions. In addition, the way to overcome the
appearance of elastic wrinkling in the deep-drawing process is discussed.

2. SOLUTION
2.1 Ceritical circumferential stresses

Consider an annular plate with inner radius a, outer radius b and thickness 4. The inner
edge of the plate is subjected to a uniform in-plane tensile stress g, see Fig. 1. The differential
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equation for the buckling of such a plate in polar co-ordinates is [10]

*w d (10w low 1d*w
4 ——
D= "["'a T "’ﬁm)”’(:s: +72W)]_0’ ?

where D = Eh3/12(1 — v?) is the bending rigidity, w is the deflection describing the wrinkling
for the middle plane and the operator V; is defined by

? 10 18
ve (& 10 1N
(ar2 e e 592)

Substituting expression (1) into equation (2) and letting

a*b%ha,
&=~ pr ) ©)
we get
1
Vfw+fx<rlzvlfw—gfvrzw>=0, @)
where
, 0% 148 1 ¢?
Vim0
or* ror 2502
By using a non-dimensional co-ordinate p = r/b, equation (4) can be re-written as
Viw+ ¢, (;lefw—Vzw> =0, (5)
in which
V4 =V2.V2,
? 14 182
V2 =ttt —
0 T pap o
A | 1 62
and Vi= g

a0* pip p?30*
To obtain an approximate solution of equation (5), let

w = wo(p, 0) = fo(p) 40 (6), 6)

where g, (6) should be a periodic function according to experimental observations. First, we
consider an annular plate with a simply supported inner edge and a free outer edge and take

go (@) =cos(nf), (n=0,1,2,..), )

where n is the number of waves in a given wrinkling mode. Obviously, the case n =0
corresponds to the axisymmetric buckling mode. With the help of the well-known
Kantorovich method [9] we obtain the following ordinary differential equation from

equation (5)
2 —2n*-1 1 —2n*-1
f54)+;f6”+<£l—ﬁrzl—“-"§1)fg—;(él—pg_—‘f1)f'o
et

If n = 0 or b - o0, the above equation can be simplified and exact solutions are then obtained
(see the Appendix). To derive an approximate solution of equation (8), we use the well-known
Galerkin method.
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The boundary conditions of this problem can be expressed as,

at p = a/b, 1o =0, {9a)
v vn?
at p =1 and a/b, f8+;f6—7ﬁ)=0, (9b)
111 1 1 2 2 2 U
atp=1, fo+;fo—[(1+2” —vn®)/p*1fo
+[n*G=v/pi1fo =0. (9c)

From the loading state of the plate the radial resultant bending moment M, should be zero
through the plate. Therefore we may take
Jolp) = p¥[ci cos (w Inp)+c;sin(wlnp)], (10)

in which

Yy =4(1-v) and o=4%/4vn?—(1-v)*, (11)

where v is Poisson’s ratio for the material and y and w are positive constants for metals (so
longasv = 0.17). Expression (10) satisfies condition (9b) automatically. Substituting (10} into
(9a) gives

¢y, = 0¢y,
where
6 = —cot[wln(a/b)]. (12)
Then, (10) can be rewritten as
fo(p) = ¢, p¥[cos(wIn p)+ dsin(winp)]. (13a)
For the sake of convenience we release the condition (9¢) for the time being [11]. Letting
Jo(p) = c1@o(p) = 1 P(p)Q(p), (13b)
where
P(p) = p’,
Q(p) = cos (w1n p) + dsin(wIn p), (13¢)
and

Do (p) = P(p)Q(p),
we get the following equation with the help of the Galerkin method

1
J/b [Lifo(p)+ &1 (L2Jo (P)) ]P0 (p)dp = O, (14a)
ie.
1
J/b (L1 @o + &y (L2 Do)]Podpc, = 0. (14b)

The integral in the above equation must be zero if we require a non-trivial solution of form
(13a). This yields

1
J (L1 @o)Dodp

/b

& = — 5 (15a)
J (L2®o)®odp

/b

or
1

Oy)D
Gabzh b2—02 a/b(Ll O) Odp
o= . (15b)
j (L, @) ®odp

a/b
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In the above equations, L, and L, denote operators which can be expressed as

L _£+2 d 2nP+1/d* 1d\ nr*(n*-9
"Tdp* Tpdp® p* \dp? pdp pt
and
1 e 1/1 d n*f1
Li=(=—1) S+t )=+ = +1)
2 (pz )dp2 p<p2+1>dp+p2<p2+1) (16)

The approximate value of the circumferential stress, which is dependent on the dimensions of
the annular plate, the number of waves and the elastic constants of the material, can easily be
obtained by the substitution of equation (13) into (15).

In the case of the deep-drawing process, condition (9c) is no longer valid. However, the
wrinkling mode must satisfy

w=0. 17
For this reason we take
wo = fog& = fo(p)(1 +g0(0)), (18)
where
1+go(@)=1+cos(nf) =20
and

Jo(p) = 0.

The proof of the latter inequality will be found in the Appendix. Equation (15) still holds
when a derivation similar to that mentioned above has been carried out, so longas L, and L,
in the equation are replaced by the following expressions

a4 6d° 2n2+3(d2 1d> n*(n? —4)
x84 re il PR (k.

dp* pdp® o p

1 a2 2/1 d n*/1
=2 =1 =1 )=+ (=41 1
L (p2 >de p<p2+ )dp+p2(p2+1) o

2.2 Yield condition
For elastic—perfectly plastic material of yield stress Y, the Tresca yield condition gives

Lt=2

and

0, —0g= Y,
as the relation g, > g, = 0 > g, is noted. Thus for yielding,
20,a*
Tz =Y,
(b*—a’)p

and the left-hand side of the above equation reaches its maximum value when p attains a/b so
that yield occurs first at the inner edge of the annular plate. This is in accordance with how
wrinkling actually occurs. Thus the yield condition gives,
a,b’h _ Yh(b*—a?)
D 2D

. (20)

3. DISCUSSION AND CONCLUSIONS

The diagrams of non-dimensional critical stress, a,b?h/D, and the number of waves, n,
against & = 1 —a/b can be drawn easily from expression (15). In all calculations v = 0.3 is
taken. Figure 3(a) and 4(a) are obtained using the wrinkling mode defined by equation (6),
whilst Fig. 3(b) and 4(b) are derived from the mode given by equation (18). Figure 3 shows
that the critical stress decreases gradually with increasing inner radius a when outer radius b is
held constant. However, the number of waves, n, increases gradually in this case. It is obvious
from the tendency of these critical curves that the values of the critical stresses corresponding
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F1G. 3. Critical curves of annular plates: (a) results from wrinkling mode, equation (6); (b) results
from wrinkling mode, equation (18).
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FIG. 4. The number of waves: (a) results from wrinkling mode, equation (6); (b) results from
wrinkling mode, equation (18).
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FIG. 5. A map showing wrinkling region and yielding region.

to the two neighbouring wave numbers are almost the same with increasing ratio a/b, see
curves I'y and I, in Fig. 5. It follows that for a sufficiently large value of a/b of the flange in
the deep-drawing operation, the number n cannot be predicted accurately since there exist
many disturbances during operation.

Generally, engineers hope that a flange will yield without the difficulties arising from
elastic wrinkling. Figure 5 shows the restrictive conditions for guarantee of this requirement.
Curves I'y and I'; are the critical curves of elastic wrinkling corresponding to the mode of
equations (6) and (18), respectively. The region above the curve I'y or I'; for a different
wrinkling mode is the wrinkling region and that below the curve corresponds to no-
wrinkling. The dotted curves are yield critical curves for workpieces with various values of
ratio h/b. When the values of ¢,b’h/D fall below a dotted curve, the flange of the
corresponding workpiece is in an elastic state, otherwise, it yields. These curves are obtained
by taking E/Y = 500. It is seen from curve I', that for a given material with E/Y = 500 and v
= 0.3, workpieces with h/b = 0.025, 0.020, etc., can yield without trouble from elastic
wrinkling, but for that with /b = 0.015 this expected process can be guaranteed only if 0 < &
< {* or {** < ¢ < 1. Thus, it is concluded that the smaller is h/b, the more easily elastic
wrinkling occurs. Figure 5 should be very useful for engineers in designing deep-drawing
processes.

I', is above I'; and the distance between them is relative large. This shows that support of
the die increases the critical stress. Hence it is expected that I'; will be raised again if a blank-
holder is employed [see Fig. 2(a)]. Moreover, Figs 3 and 4 indicate that the support of the die
makes the number of waves increase. This appearance becomes more evident in a deep-
drawing process with a blank-holder and the conclusion is in agreement with that of Johnson
and Mellor [12].

A comparison is made in Fig. 5 between I', obtained by the present analysis and I'; by the
energy method [5]. It should be noted that I", is always below I';5. It may also be observed
that the increasing critical stresses showed by I';, when & < 0.3, is not reasonable. Our
present results are more reasonable and more precise, and the method is more convenient.

Finally, we suggest the following two approaches to improve approximate solutions still
further,

(1) Let fo(p) = co®p+ ¢, P, + - -+ + ¢, D, where O;(i=0, 1,..., m) satisfy certain
conditions [9]. Then the Galerkin equation will yield

‘[/b (Lifo+&(Lafo)]®idp=0 (i=0,1,...,m).

A more accurate solution than before can now be obtained by taking the determinant of the
above equations to be equal to zero.

(2) The extended Kantorovich method [13] can be employed to find a better wrinkling
mode.
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APPENDIX

(1) Exact solutions of equation (8)

These can be obtained for the following two special cases:

i) b—

In this case we find,

2n?—1 1 2l+n*—4
I8 +- f”+c—rn*( b’—;f’o>+%ufo=0,

where

{= —a,a’h/D.

This is an Eulerian equation which has a solution of the form

Jo = plAisin(w, Inp,)+ A;cos(w; Inp,) + Aysh{wIn p,)+ Aych(w; Inp,)],

in which p, =r/a,

and

= S -+ SR - +10

0y =/ M+ 4 2P Q- -1

ii)n=0

The buckling mode in this case is axisymmetric. Hence we get

1
f(4)+ fm+<§1 5 i_;) o_;<§lr2__b2)fo =,

The equation can be integrated once and then the expression f/(1 — ;) replaced by F. This procedure gives

1 1
F"+;F’+<iz )F—§ (A1)

where

A= =4/l =E)b?)

and c is a constant. The homogeneous equation of equation (A1) is a Bessel equation. Hence it can easily be solved.

(2) The explanation of inequality f,(p) >0
According to (13), equation f,(p) = 0 yields

cot{wln(a/b)] = cot{wlin(r/b)].
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The roots of this equation are
r=gekn/lom (-} 01,2, )

Obviously, k = 0 makes r = a. The requirement of f;(p) > 0 is equivalent to
e/l =01 -t > b,

This inequality is satisfied throughout the present calculations.



