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Constitutive modelling of plasticity of fcc metals under

extremely high strain rates

C.Y. Gao , L.C. Zhang
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School of Mechanical and Manufacturing Engineering, The University of New South Wales, NSW 2052, Australia

ABSTRACT

A reliable and accurate description of the constitutive behavior of metals under the coupled 

effect of extremely high strain rate has become more and more important. The conventional 

constitutive models available, however, do not apply when the strain rate is beyond 1410 s .

This paper establishes a new constitutive model to describe the fcc crystalline plasticity at the 

extreme strain rate beyond which the material sensitivity to strain rate increases dramatically. 

The new model distinguishes the mobile dislocations from the total dislocations and 

incorporates the change of mobile dislocation density to count for the microstructural 

evolution of the material. A unified constitutive model is then proposed. An optimization 

method was used to obtain globally optimal parameters in the model. The flow stress 

predictions by the unified model show a very good agreement with experiments within the

whole strain rate range from 14101 s to 15104.6 s . The flow stress upturn phenomenon 

in OFHC copper was satisfactorily described.

Keywords: constitutive modelling; fcc crystal plasticity; microstructural evolution; mobile 

dislocation density; extremely high strain rate
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1. Introduction 

The dynamic yield stress of a metal can be generally described by a function of plastic 

strain, strain rate, temperature, and internal state variables related to the structural evolution 

of the material. Various empirical constitutive models for dynamic plasticity have been 

proposed in past decades. There are two types of constitutive models: one is the high-pressure 

type which considers the pressure effect of strong shock and is established on the 

one-dimensional-strain experiments like pressure-shear plate impact test. The other is the 

regular-pressure type which does not need to include the pressure state variable and is 

established on the one-dimensional-stress experiments like Split Hopkinson Pressure Bar 

(SHPB) test. The distinct states of stress and strain in the two types of experiments may result 

in different plastic deformation mechanism since the deviatoric stress and pressure induce 

different microstructural responses in materials (Meyers, 1994). The high-pressure models, as 

reviewed by Remington et al. (2006), include the Steinberg-Guinan (SG) model (1980), the 

Steinberg-Lund (SL) model (1989) and the Preston-Tonks-W allace (PTW ) model (2003). 

The regular-pressure models, as reviewed by Chaboche (2008) and Lin and Chen (2011), 

include the widely used Johnson-Cook (JC) model (1985), the Khan-Huang-Liang (KHL) 

model (Khan and Huang, 1992; Khan and Liang, 1999; Khan et al., 2004) and the 

Hollomon/Voce (H/V) model (Sung et al., 2010). This paper will focus on the 

regular-pressure models. It was found that these empirical models cannot properly describe 

some experimental observations, particularly when a metal deforms under a very high strain 

rate, such as 164 1010 s  in the case of high speed machining (Arsecularatne and Zhang, 

2004). This is because the dynamic behavior of a metal at high strain rates is closely related 
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to its microstructural evolution during deformation, which is not considered in a conventional 

phenomenological theory. Physically based constitutive models have therefore been 

developed to fill the gap.   

Zerilli and Armstrong (1987) proposed a constitutive relation using the thermal activation 

analysis of dislocation motion. They found that the dislocation mechanisms in metals of 

different crystalline structures were different. For face-centered cubic (fcc) metals, 

dislocations must traverse the barriers of forest dislocations, and the thermal activation area 

decreases with plastic strain because of the increase in dislocation density. Nevertheless, for 

body-centered cubic (bcc) metals, dislocations must overcome Peierls-Nabarro barriers (i.e., 

Peierls internal stress), such that the thermal activation area is not related with strain. Hence, 

the yield stress of fcc metals is determined mainly by strain hardening, but that of bcc metals 

is basically determined by strain rate hardening and temperature softening. Based on these 

considerations, they proposed the Zerilli-Armstrong (ZA) model with different constitutive 

forms for fcc, bcc and hexagonal close-packed (hcp) metals which owns mixed 

characteristics of the bcc and fcc structures. However, Voyiadjis and Abed (2005a) pointed 

out in the Voyiadjis-Abed (VA) model that the ZA model is not applicable to the deformation 

of metals under high temperature and that this model does not include the strain rate effect on 

thermal activation area., then they proposed the modified ZA model as an improvement 

(Abed and Voyiadjis, 2005). Nemat-Nasser et al. (1998, 1999) introduced a varying reference 

strain rate, as a function of strain and temperature, and developed the Nemat-Nasser-Li (NNL) 

model, applicable to both fcc and bcc metals. Follansbee and Kocks (1988) developed a 

constitutive model for polycrystalline copper using a concept of mechanical threshold stress 
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(MTS), the flow stress at 0 K representing the structural evolution of the material. However, 

this model needs various experimental data and phenomenologically-based expressions to 

determine the thermal component of MTS which cannot be explicitly expressed directly, 

leading to a complex constitutive form which is hard to use. Gao and Zhang (2010) proposed 

a Gao-Zhang (GZ) model for fcc metals which considered the microstructural evolution by 

using the internal state variable MTS. Based on the consistent dislocation analysis, they 

further developed a new constitutive model for hcp metals (2011) considering that hcp metals 

own partial structural characteristics of both bcc and fcc metals. In addition, Langer et al. 

(2010) presented a Langer-Bouchbinder-Lookman (LBL) model based on the thermodynamic 

theory of dislocation-mediated plasticity, which differs from conventional 

dislocation-mediated continuum theories by introducing equations of motion for the flow of 

energy and entropy associated with dislocations using an effective  temperature. 

However, the models mentioned above are generally suitable for the conventional strain 

rate range below 1410 s  and do not apply if the strain rate is extremely high, say beyond 

1410 s . Follansbee and Kocks (1988) found experimentally that the flow stress of oxygen-free 

high conductivity (OFHC) copper and some other fcc metals increases dramatically when 

strain rate exceeds a critical value. Fig.1 shows the dependence of the flow stress of OFHC 

copper on the strain rate and compares the predictions of these conventional models with 

experimental results. Obviously, these conventional models all are not capable of reflecting 

what the experiment shows. A rapid upturn of flow stress occurs when the strain rate 

approaches 1410 s  (the critical strain rate for the beginning of upturn is located within a 

transition zone of 146.3 ]10,10[ s  as shown in Fig. 1). Correspondingly, there also appears a 
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continuous fast rise in the strain rate sensitivity. It is worth recalling that strain rate sensitivity 

is an important hardening index defined by 
,

)(

)(

T

S
log

log
m , where  is the true stress, 

 is the plastic strain rate,  denotes plastic strain and T  is the absolute temperature. The 

strain rate sensitivity under extremely high strain rates observed in experiment is much higher 

than those predicted by the constitutive models mentioned above. Considering that the 

parameters in these models were determined by the experimental data at relatively low strain 

rates, we have attempted to determine them again using the high-strain-rate experimental data. 

Unfortunately, we confirmed that these models updated are still unable to correctly reflect the 

experimental results under high strain rates. The strain rate sensitivities built in these models 

do not seem to have captured the actual deformation mechanisms in the metals under an 

extremely high strain rate. 

Follansbee and Kocks (1988) pointed out that the plastic deformation under a very high 

strain rate of 1410 s  is still controlled by the thermally activated dislocation mechanism, and 

that the postulated transition mechanism of rate-controlled deformation from thermal 

activation control to dislocation drag control does not occur at high strain rates. Although 

Rusinek et al (2010) showed in their Modified Rusinek-Klepaczko (MRK) model that both 

thermally activated and viscous drag mechanisms are operative within high strain rate range, 

Zerilli and Armstrong (1992) proved that dislocation drag is not the reason for the strong 

upturn of the flow stress as demonstrated in Fig. 1, because the uniform strain in a tension 

test should increase at high strain rates, but the dislocation-drag model concludes the opposite. 

This indicates that when the strain rate is beyond a critical value, something unclear in the 

thermal activation mechanism must have played a key role. For instance, an enhanced growth 
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rate of dislocation generation (or enhanced accumulation rate of dislocations) will become 

dominant when strain rate approaches 1410 s  (Clough et al., 2003). To explain the upturn 

phenomenon, Follansbee and Kocks introduced empirically a new factor to their model  the 

effect of strain rate on the initial strain hardening rate. They considered that the observed 

change in the strain rate sensitivity was due to the strain rate sensitivity of the structure 

evolution. Nemat-Nasser and Li (1998) included the effect of the enhanced dislocation 

accumulation rate by redefining the mean dislocation spacing and dislocation density. In this 

way, however, the modified term was only defined as the function of temperature and strain, 

but not the strain rate. Molinari and Ravichandran (2005) tried to simulate the upturn by 

introducing the characteristic length evolution of a material s microstructure. As a matter of 

fact, all the above investigations converge to the same conclusion, i.e., when the strain rate 

approaches 1410 s , the growth rate of dislocation generation begins to accelerate, leading to 

an abrupt increase of dislocation density and a rapid decrease of the dislocation characteristic 

lengths (e.g., dislocation spacing, activation area, cell size, etc.), and in turn, inducing an 

upturn of the flow stress. Hence, we can conclude that the dislocation density evolution 

(DDE), which characterizes the structure evolution, must be considered in a constitutive 

model for describing the deformation of a metal under very high strain rates. 

Klepaczko and Chiem (1986) pointed out that in fcc metals (e.g., copper and aluminium), 

the rate sensitivity of strain hardening plays an important role. They then proposed a general 

relationship for structural evolution using the DDE with generation and annihilation terms. 

Subsequently, Klepaczko (1991) presented a consistent approach for microstructure-related 

constitutive modelling of the rate- and temperature-dependent plasticity of metals based on 
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DDE. Kubin and Estrin (1990) proposed a pair of coupled differential equations to describe 

the evolution of the densities of mobile and forest dislocations with strain. However, their 

equations can only be solved by a numerical method if the initial values of the dislocation 

densities and the four material constants are known (Chinh et al., 2004). Ma et al. (2004) 

developed a dislocation density based constitutive model for fcc single crystals at elevated 

temperatures but at low strain rates. Voyiadjis and Abed (2005b) considered the effect of 

DDE on the thermomechanical response of metals with different crystal structures in their 

new VA model. Voyiadjis and Almasri (2008) included the evolution of mobile dislocation 

density of fcc metals in the Voyiadjis-Almasri (VAl) model by adding a term of mobile 

dislocation density rate into the traditional relationship of strain rate and dislocation velocity. 

Wei et al. (2008) investigated the strain hardening of fcc metals by using the Kocks-Mecking 

(KM) and Estrin-Mecking (EM) evolution equations of single structure parameter (i.e., total 

dislocation density). Based on the evolutions of mobile and immobile dislocation densities, 

Austin and McDowell (2011) also presented a dislocation-based constitutive model for 

viscoplastic deformation of fcc metals at very high strain rates. However, this model was 

intended to address the deformation of polycrystalline fcc metals with micro-scale grains 

subjected to shock waves and especially to describe the flow response on the plastic wave 

front (the shock stress amplitude is a few tens of GPa). There is still some other literature 

involving the discussion of mobile dislocation density (e.g. Kameda and Zikry, 1998; Roters, 

2003; Wang et al., 2008; Roters et al., 2010).  
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Although quite some models have been proposed based on DDE, the physics of the 

dislocation generation at extremely high strain rates is still not very clear. In this paper, we 

will investigate the evolution of mobile dislocation density and incorporate it into our 

previously established constitutive model for fcc metals to develop a new model, so as to 

explain the flow-stress upturn phenomenon at extremely high strain rates. Section 2 of the 

paper will describe how to develop the new constitutive model based on the theory of DDE 

and thermal-activation rate-control analysis. Section 3 will explain the determination of the 

constitutive parameters for OFHC copper, and Section 4 will compare the model with 

experimental data for 

strain rates and temperature. 

 

2. Constitutive modelling 

The plastic deformation of metals can be regarded as the process of dislocation motion 

and accumulation under the rate-controlled deformation mechanism. In the thermal activation 

analysis, plastic flow is mainly controlled by the motion of dislocations which is opposed by 

both short- and long-range obstacles. The former may be overcome by thermal activation, 

whereas the latter are essentially independent of the temperature (or in other words, athermal). 

The short-range barriers may include forest dislocations (mainly in fcc metals), Peierls stress 

(mainly in bcc metals), point defects (e.g., vacancies and self-interstitials), alloy elements, 

solute atoms (interstitials and substitutionals), impurities, deposits and so on. The long-range 

barriers may include grain boundaries, far-field dislocation forests and other microstructural 

elements with far-field influence (Nemat-Nasser and Li, 1998). Therefore, the flow stress of 
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the materials, which is defined by the material resistance to dislocation motion, can be 

decomposed as 

thath                (1) 

where ath  is the athermal component of flow stress, reflecting mainly the long-range 

barriers; and th  is the thermal component of flow stress, reflecting mainly the short-range 

barriers. Similarly, the MTS (denoted as ) can be decomposed as thath . Then the 

flow stress of the material can be expressed as the following since the MTS is regarded as a 

structure parameter, 

thath Tf ),(                      (2) 

where ),( Tf  ( 0.1 ) represents the strain rate and temperature effects in thermal 

activation. In the following subsections, we will establish a new constitutive model for 

fcc metals under extremely high strain rates to remove the barrier in the previous GZ 

model (2010) which is applicable only when the strain rate is below 10
4
/s. 

 

2.1. Thermal stress 

2.1.1. The microstructure evolution characterized by mobile dislocation density 

For the dislocation structure in a deformed material, it can be assumed that the mean total 

dislocation-density ( ) can be additively decomposed into two components (Shia and Zikry, 

2009): mi , where i  is the immobile dislocation density and m  is the mobile 

dislocation density. The DDE is always defined using the monotonously varying plastic strain, 

which is a satisfactory choice as an independent state variable to describe the structural 

evolution. During the continuously increasing strain history, dislocations emerge and 
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annihilate. The general balance equation to account for dislocation generation, interaction, 

trapping and recovery is (Klepaczko and Chiem, 1986): 

),,(),(),,(/ TMMTMdd ageff                        (3) 

where effM  is the effective obstacle multiplication coefficient, gM  corresponds to the 

generation of defects (dislocations) and aM  is the contribution of dynamic recovery via rate 

and temperature-dependent dislocation annihilation and rearrangement. Eq. (3) is the general 

law which describes the strain-induced evolution of the material microstructure based on the 

accumulation and recovery of dislocations. 

In most constitutive models involving DDE, the mobile dislocation density is not 

separately studied because at a relatively low strain rate, the mobile dislocation density is 

small in comparison to the immobile dislocation density and is approximately considered as a 

constant. In so doing, the total dislocation density acts as a single structural parameter. At an 

extremely high strain rate, however, the evolution of the mobile dislocation density should 

receive a specific consideration in the thermal stress for fcc metals. In reality it is difficult to 

determine the evolution law of the mobile dislocation density because the mobile dislocation 

density cannot be discerned directly under transmission electron microscopy (TEM), and 

hence some indirect methods, such as the kinetic relation analysis or ultrasonics, have to be 

used  (Klepaczko, 1991). Thus in this study, we determine the evolution equation of mobile 

dislocation density by the following approximation. Wang et al. (2008) concluded that the 

mobile dislocation density would be the main part in the total dislocation density when the 

deformation was at extremely high strain rates, i.e., m . Besides, as presented in 

(Voyiadjis and Abed, 2005b), the mobile dislocation density could be related to the total 
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dislocation density by a linear relation, fm  ( f <1.0), where f  could change with 

, but a constant value always gives satisfactory quantitative results for most metals. This 

linear relation may be verified too by the evolution curves of the total dislocation density and 

mobile dislocation density (Ma and Roters, 2004). Actually, the assumption that the total and 

mobile dislocation densities are approximately equal had been used for the Orowan's 

equation in the deduction of the Haasen constitutive model (Moosbrugger, 1995). Based on 

the investigations above, we can reasonably use the evolution equation of the total dislocation 

density as a good approximation of the mobile dislocation density. 

There are many proposed DDE equations as discussed previously. The most used is the 

Klepaczko model (Klepaczko and Chiem, 1986), which, when applying to the mobile 

dislocation density, gives rise to 

))(,()( 0mmaII
m TkM  (4) 

where )(IIM  is the initial multiplication rate of mobile dislocations, ),( Tka  is the 

dynamic recovery coefficient. Eq. (4) will become identical to the well-known evolution 

equation of Kubin and Estrin (1990) when the forest dislocation density is relatively 

considered as constant at very high strain rates, indicating that Eq. (4) is quite reliable. 

In the above equation, IIM  is proportional to the strain hardening rate II which 

reflects dislocation accumulation (i.e., IIIIM ~ ). At the same time, there is log~II  for 

copper by experiments (Follansbee and Kocks, 1988). So, Klepaczko (1991) proposed 

)/log()],tanh(1[)( 000 sII XXcMM          (5) 

where 0M  and 0c  are constants, and 0s  is the saturated reference strain rate. 

On the other hand, ),( Tka  was also proposed by Klepaczko for fcc metals as 
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Tc

sa kTk 1)/(),( 00                (6) 

where 0k  is the annihilation factor at 0T , and 1c  is the absolute rate sensitivity due to 

defect annihilation related to the parameters characterizing cross-slip. 

By integrating Eq. (4), we get 

Tc

ss

mmm c
k

M
T

1

00

0

0

0
0 logtanh1),,(        

           

Tc

s

k

1

0

0e x p1        (7) 

As we have known, the deformation of a metal is the result of the movement of mobile 

dislocations whose speed depends on strain rate and density varies with strain In the process 

of deformation the increase of the total dislocation density makes the plastic flow of the 

material easier, which eventually softens the material. At the same time, however, the 

possibility of dislocation interactions also increases, which lowers down the percentage of the 

dislocation density in the total and makes the plastic flow difficult Therefore, the evolution 

of the total dislocation density cannot directly explain the deformation behavior of a metal. It 

should be the mobile dislocation density that actually contributes to the deformation under 

extremely high strain rates. Austin and McDowell (2011) also confirmed that models which 

distinguished the mobile and immobile components of dislocation density will provide a 

better description of microstructure evolution in plastic deformation. 

 

2.1.2. Formulating the thermal stress 

As discussed in our previous model, the thermal stress can be expressed as 

pq

thth Tc
/1/1

02 /ln1           (8) 
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where )/( 3

02 bgkc  ( k  is the Boltzmann constant, 0g  is nominal activation energy,  

is the shear modulus of material, and b  is Burgers vector). The thermal component of MTS, 

th , standing for the threshold of the thermal stress, is  

microstructure as well as its evolution. As suggested by Zerilli and Armstrong (1987) and 

Voyiadjis and Abed (2005a), it follows the relation: 

 bAmGth 00 /~                 (9) 

where m  is the orientation factor ( m ), 3

00 bgG  is the reference free energy of 

thermal activation at 0 K, 0A  is the dislocation activation area at 0T . The actual 

activation area, A , is a measure of the mean distance between mobile dislocations, ml , by 

the following relationship 

   blA m~                     (10) 

while the effective mobile dislocation density is related with the mobile dislocation spacing 

by 

2

m~ lm                       (11) 

Presuming that the couple of Eqs. (10) and (11) can be approximately employed to determine 

0A  in Eq. (9) (Zerilli and Armstrong, 1987), then: 

mth C                      (12) 

where 2

0 / bmGC . This expression can be verified too in the literature (Shia and Zikry, 

2009; Mecking and Kocks, 1981). 

By combining Eqs. (7), (8) and (12) and neglecting the initial mobile dislocation density 

which is much less than the values during large deformation (Wang et al., 2008), we finally 

get the thermal stess: 
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Tc

s

Tc

ss

th kcC

11

0

0

00

0 exp1logtanh1  

p
q

Tc

/1
/1

0

2 ln1            (13) 

where 00 / kMCC  which is the reference thermal stress. 

 

2.2. Athermal stress 

2.2.1. The athermal stress based on microstructure identification 

In our previous constitutive model as well as in the ZA model for fcc metals, the athermal 

stress was defined as: 

2/1

SdkGSGath                                  (14) 

where G  is the stress due to initial defects, S  is the stress induced by the size effect (e.g., 

grain-size), d  is the diameter of the grain and Sk  is a microstructural constant. The 

grain-size stress can be regarded as a constant for a given material if there is no physical 

change (e.g., twinning) to alter the mean grain size during plastic deformation. However, 

deformation twinning may take place in the plastic deformation of fcc metals at very high 

strain rates or within an ultrafine-grain and a nano-crystal. Twinning subdivides the grains 

and therefore increases the barriers to slip, and hence the work-hardening rate. Twinning has 

a much lower sensitivity to strain rate and temperature. So the contribution of twinning to 

flow stress should be incorporated into the athermal stress, which should not alter the thermal 

stress. It has been pointed out by Meyers et al. (2001) and Beyerlein and Tom  (2008) that in 

most cases the grain-size stress with twinning still obeys a Hall-Petch (HP) relationship, but 
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with a slope Tk  that is higher than Sk  for slip. In other words, 2/1

TdkS ( ST kk ). 

Such greater dependence of the twinning stress on grain size, in comparison with the slip 

stress, is a very unique characteristic of twinning, as pointed out by Armstrong and 

Worthington (1973). 

In reality, the HP relationship has been experimentally shown to apply to the relationship 

of strength and twin spacing ( , the mean spacing between adjacent twin 

boundaries) (Meyers and Chawla, 1999). Klepaczko (1991) also concluded that the effect of 

the twin spacing on the internal stress in polycrystalline metals and alloys follows the same 

relationship as that of the grain size ( d ). Shen et al. (2005) presented a strengthening 

mechanism of twin boundary (TB) analogous to that of grain boundary (GB) in 

nano-crystalline metals. Thus, the stress component due to the size effect can be expressed as 

2/12/1

d kdkS                (15) 

where dk  and k  are constants of slopes respectively.  

 

2.2.2. Microstructure evolution in athermal stress 

In fcc metals, the athermal stress also undergoes a microstructure evolution during the 

process of plastic deformation, which has been neglected in most models. The HP 

relationship of the reciprocal of activation volume and the grain size has been observed to 

describe the size effect, which can be rationalized by combining the dislocation pile-up model 

and the thermal activation analysis of plastic flow rate. Considering the similar role of TB 

and GB (both are effective in strengthening the material by blocking dislocation motions), a 
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generalized HP relationship for the reciprocal of activation volume can be written as (Lu et 

al., 2009) 

2121

d

1

0

1 )( // kdkVV             (16) 

where V  is the apparent activation volume measured in experiments and 0V  is the physical 

activation volume associated with the intra-grain or intra-twin dislocation mechanism, i.e. 

intersection of lattice dislocations. )(dd GBVkk  and )( TBVkk  where GBV  and TBV  

are the activation volumes associated with the GB- and TB-mediated mechanism, 

respectively. Setting )(
~ 1

0

11 VVV , then using 2/
~

~
~ 2blV  and 2~

~~ l  (where l
~

 is 

an equivalent  mean distance between the dislocations interacted with long-range obstacles 

in the far field, and ~  is the corresponding dislocation density), there is 

0

1

0

1 ~~~)( VV               (17) 

As the far-field dislocations generally contain various dislocation sources, the evolution 

equation of the far-field dislocation density cannot be obtained directly. However, considering 

that the athermal stress is basically independent of the strain rate and temperature and relies 

mainly on strain (Klepaczko et al., 1985), we can adopt a simplified form of Eq. (4) for the 

far-field dislocation density, in which the parameters )(IIM  and ),( Tka  are no longer 

related with strain rate and temperature but constants 0IIM  and 0ak  (Klepaczko, 1991). 

Hence, 

)]exp(1[~~
00 aa k              (18) 

where )/( 00 aIIa kMf , and f  is a constant additionally introduced to denote the 

fraction of long-range dislocation in the total dislocation as suggested by Voyiadjis and Abed 

(2005b). By combining Eqs. (15), (16), (17) and (18), we get 
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2/1

0exp1 aS kB                    (19) 

where abmB  (  is an empirical coefficient often taken to be 0.2 for fcc metals). 

So, the athermal stress is finally 

2/1

0exp1 aGath kB             (20) 

The function in the right hand side of Eq. (19) could be fitted by a power-law function 

which is always used as an approximate description of the athermal stress (Chinh et al., 2004). 

However, Eq. (19) is more precise in essence because it can reflect the final saturation state 

of strain hardening. In addition, the expression for the athermal stress in Eq. (20) will remain 

the same form whether there appears deformation twinning or not, provided that the 

parameters are determined by corresponding data. Compared with the thermal component of 

the flow stress, the size effect of twinning is relatively limited in fcc metals unless the twin 

spacing approaches to several hundred nanometers or less. 

 

2.3. Flow stress 

Finally, by combining Eqs. (13) and (20), we obtain the following new constitutive 

relation for the flow stress of fcc metals at extremely high strain rates: 

thathf

2/1

0exp1 aG kB  + 

Tc

s

kC

1

0

0exp1  

p
qTc

ss

Tcc

/1
/1

0

2

00

0 ln1logtanh1

1

  (21) 

In the new model, the constant parameters to be determined are ( ),, 0aG kB  for the athermal 

part and ),,,,,,,,( 002100 sqpccckC  for the thermal part. 
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The above one-dimensional constitutive equation can be easily extended to three 

dimensional (3D) descriptions by relating the true stress and plastic strain with the Mises 

equivalent stress and equivalent plastic strain of stress/strain tensors. For isotropic hardening, 

the von Mises yielding criterion is: 

0),,(
2

3 2
Tf pp

yS:S             (22) 

where S:S
2

3
 is defined as the equivalent stress ( IS

3
kk  is the deviatoric 

stress); y  is the yield stress defined by a constitutive description such as the model of Eq. 

(21); p  is the equivalent plastic strain defined by dtdt pppp
:

3

2
. The 3D 

constitutive form can then be directly integrated with a finite element code for material 

dynamic calculations (such as high speed machining where the deformation rate of materials 

is always beyond 1410 s ). A framework for numerical integration of crystal elasto-plastic 

constitutive equations compatible with explicit finite element codes is available in (Kuchnicki 

et al., 2006; Amirkhizi and Nemat-Nasser, 2007; Li et al., 2008; Rossiter et al., 2010). In 

addition, the anisotropic yield function and hardening behavior of fcc crystalline plasticity 

was discussed elsewhere (e.g. Hana et al., 2003; Abedrabbo et al., 2007; Wang et al., 2009; 

Khan and Baig, 2011). 

During the plastic deformation process, the majority of the plastic work will be converted 

to internal dissipation heat in materials, i.e., PWQ
int

, where  is the converting 

coefficient (also called the Taylor-Quinney empirical constant, generally ranging between 0.9 

and 1.0 at high deformation rate). If the adiabatic shear phenomenon appears at high strain 
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rates, the heat will result in a rapid increase of temperature within the local zone of adiabatic 

shear band (ASB). The real temperature can be calculated by 

P

P

pM

d
c

TT
0

0                   (23) 

where 0T  is the initial temperature, M  is the material s density, pc  is the material s 

specific heat at constant pressure. So the state variable of temperature must be updated 

continuously at each strain increment in the flow stress calculation under the case of an 

adiabatic process. In addition, dynamic strain aging (DSA) which induces a local rise 

phenomenon in the stress-temperature curve appears mainly at low strain rates. At high strain 

rates, it may exist only for alloys. Its effect is local and limited and will not be considered 

here. 

 

2.4. A unified constitutive model 

It is not easy to develop a single equation applicable to both the conventional strain rate 

range (from 1410 s  to 1410 s ) and the extremely high strain rate range (from 1410 s  to 

1610 s , considering that the strain rate on the wave front of strong shock is about 

197 1010 s ). Most of the existing thermo-viscoplastic constitutive models of metallic 

materials cannot fulfill the requirement. This is the case even for the MRK model which 

adopted a mixed form of combining the dislocation-slip mechanism with the dislocation-drag 

mechanism. As we know, the PTW model has a piecewise constitutive form so as to patch 

together low-rate and extremely-high-rate regime in a phenomenological way. In light of this 

precedent, it is feasible in practice to acquire a unified equation based on the new model we 

established above.  
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We know from the discussion in previous sections that our new model could well 

describe the dynamics deformation behavior at a relatively high strain rate ( cr ). We note 

that the new model can be simplified for the case of relatively low strain rates ( cr ). This 

can be done based on the assumption that at below the critical strain rate, the strain rate effect 

on the evolution of mobile dislocation density in the thermal stress becomes negligible. 

Hence, the evolution equation of Eq. (4) can be reduced to a simple form by treating )(IIM  

and ),( Tka  as constants. Furthermore, it is generally unnecessary to consider strain 

hardening in the athermal stress for fcc metals. Thus, by setting 00ak , 00c  and 01c  

in Eq. (21), we obtained the simplified form of our new model, Eq. (21), for deformation 

under cr , i.e., 

p
q

Gf TckC

/1
/1

0

20 ln1)exp(1       (24)  

Hence, we could propose a unified constitutive model in the form of a piecewise function as 

cr

cr

f

)of Eq. (24Expression

1) of Eq. (2Expression

when  ,  

when , 

        (25) 

 

3. Parameter determination for OFHC copper 

In the following, we will determine the material parameters of the constitutive model for 

a typical fcc metal, the fully-annealed polycrystalline OFHC copper of high purity (>0.9999). 

The framework of our parameter determining method has been introduced in our previous 

work (2011). 
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Firstly, we will determine the parameters in the athermal stress which is uncoupled with 

the thermal stress and has a simple functional form. Based on the experimental stress-strain 

curve of OFHC Copper at temperature (>1000 K) (Nemat-Nasser and Li, 1998), the three 

parameters in the athermal stress can be determined by nonlinear curve fitting as: 

MPaG 52 MPaB 230 64.00ak  

Secondly, we noticed that parameters 0  and 0s  are included in the logarithmic 

function and thus the influence of their changes is very small relative to 1c  and 2c . Besides, 

they are dependent on 1c  and 2c  respectively. Hence, if 0  and 0s  can be evaluated in 

advance, most errors in the evaluation can be offset by the subsequent numerical fitting of 1c  

and 2c . In this way, we not only avoid the problem caused by their diverse values reported in 

the literature, but also enhance the robustness of the algorithm of determining other 

parameters. Based on the above consideration, let us take 0  = 181076.1 s  obtained from 

the VA model of OFHC copper, and 0s  = 1101075.3 s  according to the ZA model of 

OFHC copper. 

The remaining seven parameters, ),,,,,,( 2100 qpccckC , can be determined based on the 

experimental data of OFHC copper at high strain rates by Follansbee and Kocks (1988). 

There are several ways to obtain them. For example, they can be obtained by curve fitting 

individually. In this way, however, the parameter values cannot be optimal, because the 

individual determination does not count for the influence of the others to minimize the 

discrete error of the experimental data. The finite element analysis has also been used to 

determine these parameters numerically, but needs significant computational effort. Grediac 

and Pierron (2005) attempted to use the virtual fields method (VFM) to identify the 
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constitutive parameters of an elasto-plastic equation when the full-field kinematic 

measurements were available at the surface of the test specimens. However, the applicability 

of this method to visco-plastic equations has not yet been established. To overcome these 

problems, a constrained nonlinear multi-variable optimization method developed by us (2011) 

was adopted to obtain the optimal parameters as a whole. As we have pointed out, there are 

two types of the multi-variable optimization methods. The local algorithm (LA) converges 

quickly but depends strongly on the initial values of variables, resulting in the risk of not 

obtaining a globally optimal solution. The global algorithm (GA) is insensitive to the initial 

values of variables but needs a vast computational resource and may be not determinate at the 

end to obtain a solution. Our optimization approach combines the genetic method of GA and 

the interior-point penalty function method of LA, by first carrying out the GA with a 

moderate calculating scale to obtain a group of preliminarily optimized results, and then 

using the LA to obtain the final optimized results with these preliminarily optimized results 

as the initial values of the variables. A matlab program has been developed to carry out the 

above optimization procedure. Moreover, the physically reasonable ranges of these 

parameters, which are necessary in optimization as a set of inequality constraints, are 

theoretically evaluated below: 

(i) Ranges of 0k  and 0c  

At conventional strain rates, the strain hardening relation is approximate  in OFHC 

copper (Zerilli and Armstrong, 1987). So in Eq. (7), there is 
Tc

sk 1)/( 00  if using the 

approximation of Taylor progression of exponent function. Its maximum value can be 

estimated as 1.0, and the theoretically evaluated range of 0k  may be taken as [1, 10] 
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considering that its value should become greater at very high strain rates. In addition, the 

maximum value of 0c  included in IIM  can be calculated as 0.9 by the approximate relation 

of ~)(IIM  (Klepaczko, 1991). Hence, 0c  is assumed to be within [0.1, 1]. 

(ii) Ranges of 1c  and 2c  

In the definition of )/( 3

02 bgkc , the Boltzmann constant J/K 101.3806505 -23k , 

the shear modulus GPaE 48)1(2/  and the Burgers vector mb 10102  have 

been known for copper. The only unknown constant is the nominal activation energy 0g . But 

it has been known that the range of 0g  is [0.2, 2] for medium strength of a single obstacle of 

barriers in dislocation motion (Frost and Ashby, 1982). Then we can obtain the theoretically 

evaluated range of 2c  is ]108.1,108.1[ 45 . The range of 1c  is of the same order of 

2c . 

(iii) Ranges of p  and q  

As we know, ),( qp  is a pair of parameters representing the potential shape of barriers 

in a crystal. According to the physical nature of the barrier, there is ]1,0(p  and ]2,1[q  

for a single crystal structure (Kocks et al., 1975). Some typical cases of the ),( qp  pair are: 

(2/3, 1) for a rectangular barrier, (1/2, 2) for a hyperbolic barrier and (1, 2) for a sinusoidal 

barrier. The other commonly used values of (2/3, 1), (2/3, 2), (3/4, 4/3) and (1, 1) in the 

literature can all be considered as the transitional state between the rectanglar shape and the 

sinusoid shape. 

In addition, the value of parameter C  is equal to 808 MPa in the GZ model for the 

conventional strain rate range. If using this value as a reference, its range can be estimated as 

[1000, 10000] MPa since the threshold of thermal stress will be larger at higher strain rates. 
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Finally, we can obtain the optimized results for the constitutive parameters in the new model 

of Eq. (21) as shown in Table 1(a). At the same time, we can use the identical approach 

introduced above to determine the constitutive parameters in the reduced model of Eq. (24) 

based on the experimental data of copper at relatively low strain rates by Follansbee and 

Kocks (1988). The results are shown in Table 1(b). 

 

4. Model validation and prediction 

In this section, all the model predictions of flow stress are adiabatic, and so the 

temperatures indicated in the following figures are only initial temperatures. 

Fig. 2 compares the predictions of the new unified model with those of the others, 

together with the relevant experimental data, on the flow stress variation with strain rate in 

annealed OFHC copper at room temperature and at a given strain of 0.15. It is worth noting 

that the pioneering measurements of plasticity at extremely high strain rates are rare (Swegle 

and Grady, 1985; Huang and Clifton, 1985; Follansbee and Kocks, 1988; Tong et al., 1992), 

and are not all consistent (probably due to different experimental conditions). When 

comparing our model predictions with the measurements of Huang and Clifton as well as 

Tong et al., we found that the new model gives very good predictions ( ~ 5% error in 

average), indicating that our model is very capable in reconciling the deformation behavior of 

the material at extremely high strain rates. When compared with the data of Follansbee and 

Kocks as fitted by the MTS model, the new model is greater by 15% error at around 1410 s , 

while the reduced model has a good agreement in the low-rate range. The MRK and VAl 

models adjacent to the new model present similar rate sensitivities, while the prediction of the 
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Armstrong-Arnold-Zerilli (AAZ) model (2007) does not cope with the presented 

measurements, because this model is only a simple power-law fitting of the limited data 

points of Swegle and Grady which is too higher than the other experimental data shown here. 

In Fig. 3, the new model and other models  predictions of stress-strain curves were 

compared with  at a strain rate of 15104.6 s . It is seen that compared 

with other conventional models, our new model can well describe the flow stress-strain 

behavior of OFHC copper at such a high strain rate. This is understandable because our 

model (as well as the MTS model) has developed the thermal threshold stress to reflect the 

abrupt rise of rate sensitivity at extremely high strain rates. We noticed that there is a gap 

between the MTS model prediction and data. The reason for this is that the flow 

stress magnitude of essentially lower than that of . 

As the Clifton  were obtained by pressure-shear impact test, an 

orientation factor ( m ) should be applied to convert the resolved shear stress and plastic shear 

strain to the axial flow stress and axial plastic strain. As we know, in the plastic deformation 

of crystals there exist different slip systems in grains; so the orientation factor of a material is 

defined as the mean reciprocal Schmid factor by using the statistically averaging principle 

over all possible grain orientations. For single crystals, the orientation factor is equal to 3  

based on the macroscopic phenomenological plastic yielding criterion for the onset of 

plasticity (Zhang, 2001). For polycrystals, there are two approaches mostly used in the 

analysis of texture formation of metallic plastic deformation, i.e., the Taylor model ( 07.3m ) 

and the Sachs model ( 24.2m ). Also there are some intermediate models used to predict the 

texture transition and stress-strain behavior of polycrystals at large viscoplastic deformation, 
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which are built up by combining the two classic models with a weight factor between 0 

(Taylor model) and 1.0 (Sachs model). So, the orientation factor as an empirical value 

actually varies within a range 3.07][2.24,  due to different crystalline texture formation 

during the plastic deformation processes of materials (Soppa et al., 1998).  

However, the Sachs model, which assumes identical stresses in grains and one active slip 

system in each grain, is generally applied for low and intermediate strain (Carstensen and 

Pedersen, 1997), while the Taylor model, which assumes identical strain in all grains of the 

polycrystal and multi-slip systems in a grain, is more suitable for large plastic deformation at 

high strain rates (Frost and Ashby, 1982). Therefore the Taylor factor 07.3m  is adopted 

here in Figs. 2 and 3 for copper which deforms at extremely high strain rates. 

The flow stress magnitude predicted by the new model based on the  data with 

Taylor factor is in agreement with the experimental results of 18000 s  by Nemat-Nasser 

and Li (1998). This verifies the applicability of the Taylor s factor here. 

Fig. 4 gives the predictions of flow stress versus strain under very high strain rates at 

room and elevated temperatures. The curve of 15104.6 s  which has been verified above by 

experimental data is replotted here as a reference. It is noticed that the stress-strain curve 

becomes almost flat when the strain exceeds a certain value, indicating that strain hardening 

tends towards the saturation state. In reality, at conventional strain rates the saturation of 

strain hardening happens late at relatively larger strain, then the power-law expression can be 

used as an approximate description of strain hardening in general but it cannot describe the 

saturation state in itself. At very high strain rates the strain hardening will saturate earlier at 

strains less than 0.3. The flow stress will approach the maximal saturation value at first and 
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then begins to gradually descend. The reason for this is that the thermal softening effect due 

to adiabatic shear, which is quite obvious at very high strain rates, becomes enough to reach a 

balance with the strain hardening effect and will further exceed it with the increase of strain. 

This strain hardening behaviour can be well predicted by the present model owing to the new 

exponential expressions for strain hardening in the thermal and athermal components of the 

flow stress. 

Fig. 5 shows the dependence of the thermal stress on temperature in OFHC copper at 

15100.1 s  and different strains, which quantitatively reflects the thermal softening effect on 

the flow stress in thermal activation mechanism of plastic deformation. It can be found that 

the thermal stress decreases quickly with temperature especially at low temperature. The 

thermal softening effect is more distinct at a large strain, and the softening processes are 

almost the same when the strain is greater than 0.30. It is obvious that the thermal component 

of flow stress will eventually disappear at a critical temperature 1

00 )]/ln()/([ GkT cr  

because the thermal activation decreases with the rise of temperature until its minimum zero 

value but the value cannot be negative. This means that the flow stress approaches to its 

athermal component with the rise of temperature and eventually becomes independent of 

temperature at a critical temperature where the barriers of dislocation cease to be important. 

Thus, the thermal stress should be removed from the constitutive model if crTT , and only 

the athermal stress remains finally. In addition, Nemat-Nasser and Li (1998) provided a more 

complete formula of calculating the critical temperature in their model, in which the critical 

temperature will depend on the plastic strain too besides strain rate, but it is not easy to be 

solved due to its implicit form.  
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5. Conclusions 

This paper has carried out an investigation into the fcc crystalline plasticity under an 

extremely high strain rate beyond 1410 s , where the strain rate sensitivity becomes high. A 

new dislocation-mechanics-based constitutive model has been developed. Compared to our 

previous fcc model as well as to the other classic fcc models, the present model incorporates 

the evolution of mobile dislocation density, which is established based on the balance law of 

dislocation formation, to describe the microstructural evolution of the material. At the same 

time, a unified constitutive model is proposed by investigating the reduced form of the new 

model to cover both the low and high strain rate ranges. 

In the application of the new model to OFHC copper, the model parameters were 

determined by an optimization method composed of a global genetic algorithm and a local 

penalty-function algorithm so as to obtain globally optimal parameters within their 

theoretically evaluated ranges. The flow stress predictions of the unified model proposed 

have shown good agreements with most of the experimental data of OFHC copper in the 

strain rate range from 1410 s  to 15104.6 s . The flow stress upturn phenomenon in 

OFHC copper is satisfactorily described. 
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Table 1 Final optimized results of the constitutive parameters of OFHC copper 

(a) For the new model of Eq. (21) 

Constitutive parameters Theoretically evaluated ranges Optimized results Unit 

C  ]101,101[ 43  9850 MPa  

0k  [1, 10] 10 / 

0c  [0.1, 1] 0.483 / 

1c  ]108.1,108.1[ 45  51093.4  K/1  

2c  ]108.1,108.1[ 45  4100.1  K/1  

p  (0, 1] 0.45 / 

q  [1, 2] 1.0 / 

 

(b) For the reduced model of Eq. (24) 

Constitutive parameters Theoretically evaluated ranges Optimized results Unit 

C  [100 1000] 959 MPa  

0k  [0.1, 1] 0.82 / 

2c  ]108.1,108.1[ 45  51075.5  K/1  

p  (0, 1] 0.91 / 

q  [1, 2] 1.47 / 

 

 

 

Table 1



  

Established a new constitutive model to describe the fcc polycrystalline plasticity at 

extremely high strain rates.

Proposed a unified constitutive model which can predict precise flow stresses 

across a wide range of strain rates from
14101 s to 

15104.6 s .

Explained the flow stress upturn phenomenon observed in experiments.


